EQUILIBRIUM MEASURES FOR THE HENON MAP AT THE FIRST 
BIFURCATION: UNIQUENESS AND GEOMETRIC/STATISTICAL 

PROPERTIES 



SAMUEL SENTI AND HIROKI TAKAHASI 

Abstract. For strongly dissipative Henon maps at the first bifurcation where the uniform 
hyperbolicity is destroyed by the formation of tangencies inside the limit set, we establish a 
\ thermodynamic formalism, i.e., prove the existence and uniqueness of an invariant probability 

measure which maximizes the free energy associated with a non continuous geometric potential 
— tlogj", where t € R is in a certain large interval and J u is the Jacobian in the unstable 
direction. We obtain geometric and statistical properties of these measures. 



1. Introduction 
In this paper we study the first bifurcation of the Henon family 

(1) f a : (x,y) h)> (1 - ax 2 + Vby, ±Vbx), < b < 1. 

There exists a parameter a* near 2 such that the non-wandering set of /„ is a uniformly 
hyperbolic horseshoe for a > a*, and (/ a ) generically unfolds a quadratic tangency at a = a* [TJ 
[2J [12]. We study the dynamics of f a * from the viewpoint of ergodic theory and thermodynamic 
formalism. 

Write / for f a *. Let 

K = {z G R 2 : {f n z} neZ is bounded}. 

This set is a compact set and it coincides with the transitive non-wandering set [II] . Let M.(f) 
denote the space of all /-invariant Borel probability measures endowed with the topology of 
weak convergence. For a potential function ip : K — > R the associated free energy function 
F<p : M(f) — >■ R is given by 

where h(/j.) denotes the entropy of \x and //(</?) = / ipd/i. An equilibrium measure associated 
to the potential ip is a measure /i v G M.{f) which maximizes i 7 ^, i.e. 

FtpM = sup{F^(^): n e M(f)}. 

The main example of potential functions to which our theory applies is the family of potential 
functions 

(p t = -t log J u teR, 

where J u denotes the Jacobian along the unstable direction that is defined as follows. At a 
point z G R 2 , let E u (z) denote the one-dimensional subspace such that 

(2) HnT -\og\\Df- n \E u (z)\\ < 0. 
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Since / 1 expands area, E u (z) is unique when it makes sense. We call E u an unstable direction. 
Let J u {z) = \\Df\E u (z)\\ and <p t = -Hog J". 

This family of potentials was studied in [33] where it is proved [331 Proposition 4.1] that 
E u is well-defined and is measurable on a Borel set with total probability, and it is continuous 
except at the fixed saddle Q near (—1, 0). The particular equilibrium measure for the potential 
(fit is called a t-conformal measure. We are concerned with the existence and uniqueness of 
t-conformal measures, and their geometric and statistical properties. 

Define 

P{t) :=sup{F„ t (//)://€ M(f)}. 
The pressure function t i— >■ P(t) is convex, and so is continuous. Let 

t := inf{t E R: P(s) > -(s/3) log(4 - e) for any s < t}. 

Theorem. [34"| Theorem] For any small e > there exists bo > such that if b < bo and 
t < to, then there exists a t-conformal measure. 

The uniqueness of t-conformal measures does not follow from the argument in [33]. In 
addition, the range of positive t for which t-conformal measures exist is far from optimal. 
We show the existence and uniqueness of t-conformal measure with t in a certain interval 
containing much larger positive t. 

Theorem A. For any e > there exists b\ E (0, bo) such that if b < b\, then there exists a 
unique t-conformal measure for all t E (— 1 + e, 1/e). 

Since entropies of invariant probability measures are written as linear combinations of the 
entropies of the ergodic components, and the same property holds for unstable Lyapunov 
exponents, all the t-conformal measures in the statement of Theorem A are ergodic. In 
addition, it follows from our construction and from transitivity that any t-conformal measure 
in Theorem A is supported on K, i.e. it gives positive weight to any open set intersecting K. 

There are still few results concerning the thermodynamics of the Henon maps. All the 
presently known results in this direction are concerned with positive Lebesgue measure sets of 
parameters (close to but not containing a*) for which the corresponding maps exhibit a strange 
attractor [3j [7J [8j [22J [39] . For these parameters, SRB measures are constructed and shown to be 
unique in [5] (see also [7]). In our terms, these measures are t-conformal measures with t = 1. 
The existence of equilibrium measures for continuous potentials is established in [39], and 
therefore, in particular, measures of maximal entropy exist. These are t-conformal measures 
with t = 0. The uniqueness of measures of maximal entropy for the positive Lebesgue measure 
set of parameters mentioned above is proven in [8j. The existence of t-conformal measures 
with t other than 0, 1 is not known. 

Our construction used in the proof of Theorem A leads to a version of Manning & Mc- 
Clusky's formula [20] (see [HIES] f° r related results), which evaluates how substantial the set 
K is in terms of Hausdorff dimension. Given a C 1 one-dimensional submanifold 7 of M? and 
p E (0, 1], the Hausdorff p-measure of a set A C 7 is given by 



m p (A) = lim ( inf 



where I denotes the length and the infimum is taken over all coverings U of A by open curves 
in 7 with length < 5. The Hausdorff dimension of A on 7, simply denoted by HD(A), is the 
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unique number in [0, 1] such that 

HD(A) = sup{p: m p (A) = 00} = ini{p: m p {A) = 0}. 

One has -P(O) > 0, and Ruelle's inequality [27] gives -P(l) < 0. Since / has no SRB measure 
[57] . -P(l) < holds. Hence the equation P(t) = has a unique solution in (0, 1), which we 
denote by t u . 

Theorem B. For any relatively open curve 7 in the unstable manifold of the fixed saddle such 
that 7 n K ^ 0, one has HD(7 n K) = t u . In addition, t u -+ 1 as b ->• 0. 

Let us here mention results of Leplaideur and Rios [TSl [J9] closely related to ours, in which 
a thermodynamical formalism for certain horseshoes with three branches and a single orbit of 
tangency was established. See [TTJ for a related result. However, their specific assumptions 
on the map, including the linearity and the balance between expansion/contraction rates, do 
not hold for the Henon map /. Our argument is novel but exploits the well known line for 
the study of Henon-like systems [3j El [221 EH] • 

A powerful approach in ergodic theory of dynamical systems is to "code" orbits of a system 
into symbolic sequences, by following their histories on a partition of the phase space. If this 
defines a nice shift system, then the construction of interesting invariant measures and the 
study of their properties can be carried out on the symbolic level. For uniformly hyperbolic 
systems, Markov partitions are used to code orbits with symbolic sequences with finite sym- 
bols. The existence and uniqueness of equilibrium measures for Holder continuous potentials 
was established in [91 [281 135] . 

However, at the first bifurcation the Henon map / lacks such a nice partition. Indeed 
the natural partition of K into the "left" and the "right" of the point of tangency near the 
origin, constructed in [31] to prove the existence of equilibrium measures including t-conformal 
measures, only defines a semi-conjugacy between f\K and the full shift on two symbols. In 
order to avoid the discontinuity of (p t at Q, we must consider a (non-compact) subset of K 
which does not contain Q. We code the dynamics on this subset with a countable alphabet 
to establish the uniqueness (countable partitions were also constructed in [TU [19] albeit for 
other purposes/maps). 

Our strategy for proving the uniqueness of the equilibrium measures is to construct an 
invariant measure as a candidate, and then show that it is indeed a unique measure which 
minimizes the free energy. The main step is to build an inducing scheme (S,t). Here S is 
a countable collection of Borel subsets of K called basic elements. The union of all basic 
elements is denoted by X, and r is the first return time to X, which is constant on each basic 
element. The inducing scheme allows us to represent the first return map to X as a countable 
(full) Markov shift. Under certain conditions on the potential function, which are proven to 
be satisfied by (ft with t G (t_,i + ), £_ < < t + (see ([29]) for the definition) one can construct 
a Gibbs measure in the shift space following [21 , 32J. This Gibbs measure is then used to 
obtain a unique invariant measure for the original system which minimizes the free energy 
among all measures which are liftable to the inducing scheme (i.e. those measures which can 
be obtained from symbolic shift invariant measures). 

The set of non liftable measures is nonempty. For instance, it contains 8q. To show that 
the candidate measure is a unique equilibrium measure, we show that non liftable measures 
have smaller free energies. This can be undertaken by showing that our inducing scheme is 
efficient, in that any ergodic measure with not too small entropy gives positive weight to X, 
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Figure 1. Manifold organization for a = a*. There exist two hyperbolic fixed 
saddles P, Q near (1/2, 0), (—1,0) correspondingly. In the orientation preserving 
case (left), W U (Q) meets W S (Q) tangentially. In the orientation reversing case 
(right), W U (P) meets W S (Q) tangentially. The shaded regions represent the 
region R (see Sect J3.ip . 

and hence is liftable. At this point it is worth noting that to study the Henon maps it is 
usually necessary to exclude points from consideration for which "long stable leaves" cannot 
be constructed. Each basic element of the inducing scheme constructed here is a Cantor-like 
set, which makes the estimates more involved. 

We now move on to geometric and statistical properties. In what follows, let fit denote 
the t-conformal measure in Theorem A. We first give a characterization of fifu i n terms of 
dimension. To give a precise statement let us recall general facts on nonuniformly hyperbolic 
systems. For x G K, let 



which we call the unstable manifold of x. Let Ai e (f) denote the set of ergodic elements of 
M.{f). Since any /i G Ai e (f) has exactly one positive Lyapunov exponent [UJ, there exists 
a set T of full /i- measure such that for any x G T, W u (x) is an injectively immersed smooth 
submanifold of M 2 [231 [29]. Let {/i"}xer denote the canonical system of conditional measures 
of ji along unstable manifolds [26]: [i™ is a probability measure supported on W u (x) such that 
x i — v ^(A) is measurable and fi(A) = f fi^.(A)dfi(x) for any measurable set A. Let dim(/i") 
denote the dimension of /i", namely 



Then, dim(/z") is constant /z-a.e. and this number is denoted by dim^-(/z). We say /i G Ai e (f) 
is a measure of maximal unstable dimension if 



Theorem C. ^« is the unique measure of maximal unstable dimension. 

Considering the tower associated to the inducing scheme allows us to apply the result of 
Young [10] to deduce several statistical properties of \x t . 

Theorem D. The following holds for (f, [i t ); 

(1) for any rj G (0, 1] there exists r G (0, 1) such that for any Holder continuous tp: K — > IR 
with Holder exponent r\ and ip G L°°(fi t ), there exists a constant C(ip,ip) such that 

IM(y? ° P)^) ~ M^)MV0I < C(ip,ip)r n for every n > 0; 



(3) 




dim(/i") 



inf{HD(X): X C W u (x), ^(X) = 1}. 



dim^O) = sup{dim^(z/): v G M e (f)}. 
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(2) for any Holder continuous <p: K — > M with J <f)dfi t = 0, there exists a > such that 

^ n— 1 

—= > d> o f 1 — y Af(0, a) in distribution, 




where J\f(0,a) is the normal distribution with mean and variance a 2 . In addition, 
a > if and only if <p ^ ip o g — tp for any ip G L 2 {fi t ) . 

The rest of this paper consists of four sections. In Sect. 2 we recall the general thermody- 
namical formalism for maps admitting inducing schemes from [25]. In Sect. 3 we construct 
an inducing scheme and show in Sect. 4 that it is efficient in the above sense. In Sect. 5 we 
define t_, t + and then check all the conditions on (p t , t G necessary for implementing 

the theory in Sect. 2. This yields an /-invariant measure fit which maximizes the free energy 
among all liftable measures. Using the results in Sect. 4 we show that m is the unique measure 
which maximizes the free energy among all measures. This completes the proof of Theorem 
A. Other theorems are also proven in Sect. 5. The proofs of Proposition 13.11 and Lemma [3.31 
require ingredients from |M] and are deferred to the Appendix. 



In this section we recall the construction of equilibrium measures for / associated to <p 
developed in [23]. The main idea is to use an inducing scheme to relate the induced system 
to a countable Markov shift, and construct a Gibbs measure in the shift space associated to 
the induced potential following [21] [32] . Gibbs measures with integrable inducing time are 
then used to construct an invariant equilibrium probability measures for the original map 
associated to the original potential function. 

2.1. Equilibrium states for countable Markov shifts. Denote the set of all bi-infinite 

sequences over a countable alphabet S by S z := {a := (. . . G S, i G Z} 

and the (left) full shift by a : S z O i.e. (cr(a))j = a i+1 . The sets [6j, . . . , bj] := {a G S z : = 
bk for alH < k < j} are called cylinder sets. Endow S z with the topology for which the 
cylinder sets form a base. The shift a is continuous with respect to this topology. Denote 
by Ai(a) the collection of a-invariant Borel probability measures on S z . Given a potential 
function $ : S z -> E, let 

M$(a) := {v G M(cr): v{§) > -oo}. 
The n th variation of $ is defined by 



2. Equilibrium measures for maps admitting inducing schemes 



:= sup sup 



$(a)-$(a')|. 



[b-n+l,— ,b n -l] a,a'e[&_„+i, 

The function $ has strongly summable variation if 




n>l 

The Gurevich pressure of $ is defined by 
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where b G S. Since it depends only on the positive side of the sequences, one can prove (as in 
[3"0| Theorem 1]) that Pg($) exists and is independent of b whenever the variation 

V^ n + ($) := sup sup |$(a) - $(a')| 

[6o,...,6„_i] a,a'e[6o,...,6n-i] 

over all positive cylinders is summable: ^ n>1 V^~(<&) < oo. Also Pg($) > — oo holds in this 
case. 

We say i/$ G A^(cr) is a G%6s measure for $ if there exist constants Ci > 0, C 2 > such 
that for any cylinder set [bo, . . . , 6 n -i] and any a G [&o, ■ ■ ■ , b n -i] we have 

z/ $ ([fe , . . 1 A-i|) 

exp(-nP G ($)+ES*(^(«))) 

Note that this definition only involves positive cylinders. 
We say zaj, G M. (a) is an equilibrium measure for <3> if 

(6) h m {a) + = sup {K(a) + 

^eA^$ (<r) 

The thermodynamics of the full shift of countable type on the space of two-sided sequences 
cr : S z O is described in the following theorem from 



Proposition 2.1. [221 Theorem 3.1] Let $ : S* z — > R 6e a potential function with sup $ < oo 
and strongly summable variation. The following statements hold: 

(a) £/ie variational principle holds for $: Pg(^) = suPyeA^^^l^^l ") + Z7 ( < ^)}i 

(b) if Pg($) < oo £/iere exists a unique Gibbs measure v<$> for $; 

(c) G -M$(cr) t/ien zs a unique equilibrium measure for $. 

The main idea is to reduce the problem to the (left) full shift on the set of one-sided infinite 
sequences 5* N by constructing a potential function cohomologous to the given potential $ but 
which only depends on the positive coordinates of any point a G >S N . The variational principle 
and the existence of a unique Gibbs and equilibrium measure for the one-sided shift and 
potential follows from [30| Theorem 3],j32j Theorem 1], (TOj Theorem 1.1]. The statements 
of Proposition 12.11 follow by considering the natural extension of this one-sided Gibbs and 
equilibrium measure. 

2.2. Gibbs and equilibrium measures for the induced map. For the rest of this section 
we assume M is a compact metric space, and / : M O is a continuous map with finite 
topological entropy. 

Definition 2.2. We say / admits an inducing scheme (S, r) of hyperbolic type, if there exist a 
countable collection S of Borel sets in M called basic elements and an inducing time function 
t : S — > N such that the following holds for the inducing domain X := {J JeS J and the induced 
map F : X Q defined by F\ J = f T ^\J for all J G S. There exists a Borel set X C X such 
that: 

• v(Xq) = for any P-invariant probability measure u; 

• if Ji, J 2 G S, Ji ^ J 2 and J 1 C]J 2 ^^ then J x n J 2 C X ; 

• the coding map h : S z — > X given by 

(7) h(a) := p| F- n (J an ) where a :=(... , a_i, a , ai, . . .) G 5 Z 
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is well-defined, and is a measurable bijection between S z \h 1 (X ) and X \ X . 

Remark 2.1. The induced map F is multi- valued on points of intersection between elements 
of S. Since no measure gives positive weight to the set of such points, this is not important 
for our purpose. 

If / admits an inducing scheme (S, r) of hyperbolic type, the induced potential Tp: X — > R 
associated to a given potential <p: M — > R is defined by 

T-l 
i=0 

where the inducing time r is viewed as a function on X in the obvious way. We say the 
induced potential Tp has: 

• (strongly) summable variations \t$>:=Tpoh has (strongly) summable variations; 

• finite Gurevich pressure if Pq{<&) < oo. 

Let Ai(F) denote the set of F-invariant Borel probability measures and let Ai^(F) = {v G 
Ai(F) : v(Tp) > —oo}. An F-invariant probability measure is a Gibbs measure forTp if there 
exists an a- invariant Gibbs measure v<$, for $ such that = h^vq>. We call an equilibrium 
measure for Tp if G M.^{F) and 

h^(F) + is ¥ (Tp) = sup \y G Mtp(F) : ^(F) + v{Tp)} . 

By definition, preserves entropy, the Gibbs property and integrals of potentials. Hence 
the next statement is a direct consequence of Proposition 12.11 

Corollary 2.3. Assume f admits an inducing scheme (S, r) of hyperbolic type and let tp : 
M — > R be a potential with sup^ < oo ; strongly summable variations and finite Gurevich 
pressure. Then there exists a unique F -invariant Gibbs measure for Tp. If Vjp G M.Tp(F), 
then it is a unique equilibrium measure for Tp. 

2.3. Candidate equilibrium measures for the original map. We now use the Gibbs 
measure for the induced map F to construct an equilibrium measure for the original map /. 
For v G Ai(F) with z/(r) < oo, the measure given by 

u ^t=t 

is an /-invariant Borel probability measure. Let 

M L {f) :={lieM(f): n = C(v) for some v G M(F)}. 
Measures in M.h{f) ar e called liftable measures. Consider a potential (p: M — > R, and let 
(8) P L (<p) = sup{/v(/) + ^) ■ V e M L tf)}. 

We say /i G M.L{f) is a candidate equilibrium measure for <p> if F^i^fi) = Pl(<^). Candidate 
equilibrium measures are equilibrium measures in the classical sense when Pl{<P>) = Pi^f)- 

Abramov's and Kac's formulae [2H Theorem 2.3] relate the entropy of v and the integral of 
a potential against v to the entropy of L{y) and the integral of the induced potential against 
Civ). Note that the energy F v {C{v)) = 4ri^(^) and so it is not straightforward that an 
equilibrium measure for Tp lifts to a candidate equilibrium measure for ip. However, this is the 
case for the equilibrium measure associated to the potential induced by ip — Pl{<p) and the 
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latter is cohomologous to tp. Observe that by [2U Theorem 4.2] |Pk(</?)| < oo whenever tp has 
summable variations and finite Gurevich pressure. 

We say Tp is positive recurrent if there exists e > such that 

(9) P G (ip - (P L (<p) - e)) < oo for all < e < e . 

This condition implies positive recurrence condition in the sense of Sarig (e.g [32] )■ Indeed, 
J2U Theorem 4.4] and the continuity of Pg(v? — (-^(v 9 ) ~~ £ )) with respect to e for positive 
recurrent potentials Tp imply Pcif — Pl(<^)) — 0. This implies the existence of some N e N 
such that 

Mr ( E ex P (&-^(v)(^)) } > 

which is equivalent to the positive recurrence condition of Sarig (c.f. [32l Theorem 1]). 
We obtain the following: 

Proposition 2.4. [251 Theorem 4.7] (Existence and uniqueness of candidate equilibrium mea- 
sures) Assume f admits an inducing scheme (S, r) of hyperbolic type. Let <p : M — >■ M. be 
such that supTp < oo and Tp has strongly summable variation, finite Gurevich pressure and is 
positive recurrent. Then there exists a Gibbs measure v for tp — Pl(<p). If v e ■M- v _ Pl ^ {F) 

then it is the unique equilibrium measure for tp — P^ip). If v{r) < oo then C(u) is the unique 
candidate equilibrium measure for p. 

3. Construction of inducing scheme 

In this section we construct an induced system (X, F) for the Henon map /. After prelim- 
inary geometric considerations in Sect J3.1l we introduce a rectangle and show that the first 
return map to it is uniformly hyperbolic with controlled distortion. In Sect J3.2l we construct 
two families T u and V s of C 1 curves in G and generate a lattice A. The first return map to 
A is denoted by F. In Sect J3.3I we show the uniform hyperbolicity of F, and that the set of 
points in A for which F is undefined has small Hausdorff dimension. We define the domain 
X of our induced system to be the subset of A on which F may be iterated indefinitely. In 
Sect J3 .41 we show that the induced map F: X O is semi-conjugated to the countable Markov 
shift. 

We deal with positive constants e, £, N, the purpose of which is as follows: 

• £ 1 is the constant in the statements of Theorem and Theorem A. We shall construct 
an induced system (X, F) such that any ergodic measure with entropy > 2e gives 
positive weight to X (cf. Proposition 14.11) : 

• £ ^> 1 determines the rate of approach of points in the lattice A to the point of 

tangency; 

• N is & large integer and controls a lower bound of diameters of gaps of a Cantor set 
in the unstable manifold, constructed in Sect. 3. 

Any generic constant which only depends on the Chebyshev quadratic map (and hence is 
independent of e, £, N, b) is simply denoted by C. 




Figure 2. {«^}, {«„} accumulate on the parabola containing the point of 
tangency (. 

3.1. Family of invariant manifolds. Let us from now on assume that / preserves ori- 
entation, as the proofs for the orientation reversing case are identical. Recall that P, Q 
denote the fixed saddles near (1/2,0) and (—1,0) respectively. If / preserves orientation, let 
W u = W U (Q). If / reverses orientation, let W u = W U (P). By a rectangle we mean any closed 
region bordered by two compact curves in W u and two in the stable manifolds of P, Q. By 
an unstable side of a rectangle we mean any of the two boundary curves in W u . A stable side 
is defined similarly. 

Let R denote the largest possible rectangle determined by W u and W S (Q), as indicated in 
figure 1. One of its unstable sides contains the point of tangency near (0, 0), which we denote 
by (. Let ocq denote the stable side of R which contains f(. Let «g denote the other stable 
side of R. 

Define a sequence {a n } n > of compact curves in W S (P) D R inductively as follows. First, 
let a be the component of W S (P) fl R containing P. Given a n -i, define a n to be one of the 
two components of f~ 1 a n ^\ fl R which is at the left of £. Observe that {a n } accumulates on 
01q from the right. 

For each n > 0, f~ 2 ct n C\R consists of four curves, two of them at the left of ( and two at the 
right. Let a~ +l denote the one which is not a n+ 2 and is at the left of £. Among the two at the 
right of (, let denote the one which is at the left of the other. Then {a~} (resp. {«+}) 
accumulates the component of W S (Q) D R containing ( from the right (resp. left). Observe 
that a,i = ct\ and «o = af. By definition, the curves obey the following diagram 

1 f f f f f 1 

{a~ +1 , -> a n -> a n ^ ->■ <S n _ 2 -> > "i = «r ~* «o = 

By a C 2 (b)- curve we mean a closed curve such that the slopes of its tangent directions 
are < y/b and the curvature is everywhere < y/b. For a C 2 (6)-curve 7 with endpoints in 
Un>i a t U a n we define a canonical partition, by intersecting it with the countable families 
{a+}, {a~} of pieces of stable manifolds. This is feasible by the fact that each of these pieces 
intersect 7 exactly one point (See [371 Remark 2.1]). 

Let O denote the rectangle bordered by 07 , af and the unstable sides of R. Any component 
7 of n W u is a C 2 (6)-curve [3U Lemma 2.1]. For each n > 1, let j n denote the element of 
the canonical partition of 7 with endpoints in a^,a^_ x . We also denote by 7„ the partition 
element with endpoints in a~_ 1; a~. Then, for each j n and every 1 < i < n, f lr y n fl intO = 0, 
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and / n 7„ is a C 2 (6)-curve in 9 with endpoints in a^,a^. Namely, n is the first return time 
of 7„ to 0. 

The next proposition, the proof of which is given in Appendix Al, states that the first 
return map to is uniformly hyperbolic with controlled distortions. Let 

(10) <7i=2-e and a 2 = 4 + e. 

Proposition 3.1. There exist C > and N > such that for any component 7 of fl W u 
and each 7„ 7 n > N we have: 



\\D x f n 


E u \\ 


\\DJ n 


\E U \\ 


\\Dyf n 


\E U \\ 



(b) for all x,ye ln , log . < C\f n x - f n y\. 



3.2. Construction of families of curves. 

Definition 3.2. Let T u and V s be two families of C 1 curves in such that: 

• curves in V s are pairwise disjoint. At most countably many pairs of curves in T u can 
intersect; 

• every 7" G r u meets every 7 s G V s in exactly one point; 

• there is a minimum angle between 7" and 7 s at the point of intersection; 

• endpoints of curves in T u (resp. V s ) are in the stable (resp. unstable) sides ofQ. 

Call the set 

A = { 7 «n 7 s : 7 M G r M , 7 s G V s } 

a lattice. 

We now construct two families T u , V s of C 1 curves in which generate a lattice. Denote 
by r u the collection of C 2 (6)-curves in W u with endpoints in a{ and let 

T M = {7": 7" is the pointwise limit of a sequence in T u }. 

By the C 2 (b) property, the pointwise convergence is equivalent to the uniform convergence. 
Since two distinct curves in T u do not intersect each other, the uniform convergence is equiv- 
alent to the C 1 convergence. Hence, each curve in T u is C 1 and the slopes of its tangent 
directions are < y/b. Since every 7" G T u is the monotone limit of curves in f M , there are at 
most countably many pairs of curves in T u that intersect. 

We construct V s as follows. For each n > N, let 0„ denote the rectangle bordered by a~, 
a+ and the unstable sides of 0. Let 7 denote the lower unstable side of 0. Let f2 =^\Q N . 
We call 7H0AT a gap of order 0. Let V denote the canonical partition of 7 and let V = Vol^-o- 
For n > define 

(11) Q n = {z G 7: f k z £ Q^k+N for every < k < n}. 

Any component of Jl n _i \ Q n is called a gap of order n. We set floo = f] n>0 Q n - Observe that 

We call a vertical C 2 {b) -curve a curve in with endpoints in the unstable sides of and 
of the form 

{(x(y),y): \x'(y)\ < CVb, \x"(y)\ < CVb}. 
The next lemma is proven in Appendix A2. 
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Lemma 3.3. For any z G fl^ there exists a vertical C 2 (b)-curve r ) s {z) C G through z with 
the following properties: 

(a) iff n Y(zi) H Y(z 2 ) ^ /or n > 0, £/ien fV^i) C l s (z 2 ); 

(b) - f n y\ < (Ob)* and ||Z>/£ (J) || < 2 ■ ||D/ W n (J) || /or a// x, y £ j s (z) and n > 0; 

(c) if Zi,z 2 G ^oo ^i £ 7 s (^i); ^2 E 7 S (^2); ^en Z(iz(o;i), w^)) < Cv^l^i — x 2 |, 
where u(xi) denotes any unit vector tangent to , y s {zi) at x i; % = 1,2. In particular, if 
Zi ^ z 2 then Y{ z i) H 7 S (^) = 0- 

Define 

r s = { 7 s (z): zGftoo}, 
where 7 s (z) is the vertical C 2 (6)-curve satisfying Lemma [3.31 

3.3. First return map. Consider the lattice A defined by T u and V s : A = {7" D 7 s : 7" G 
r u ,7 s G r s }. We study the first return map to A. To this end we first study the transversal 
structure of A. Let 

W s = |J 7 s - 

7 s er a 

Since ^ n Q N+1 = we have W s n 6^+1 = 0. 
For 2; G if let 

r(z) = inf {{n > : / n 2 G A} U {cx)}) , 
which is the first return time to A. 

Proposition 3.4. There exists a collection Q of subsets of such that: 

( a ) LUs w = i z e ^00 ■ r(z) < 00}; 

(b) r is constant on each u G Q (denote this value by t(u>)); 

(c) for each to G Q there exists 7 G T u such that f T ^tu = 7 D W s . 

Proof. We construct Q by induction. Consider w G ?o and let 1 < n(tu) < N denote the 
unique integer such that f n ^uo C T u . By construction, n{uS) is the first return time of u to 
6. We let f~ n ^ (f n ^co n W s ) G Q. 

Lemma 3.5. For each u G V , /~ n(aj) (/ nH w n W s ) C fioo. 

Proo/. By definition, /-"(«") (f n ^unW s ) C fi n(aj) and if z G /" n(w) (f M unW s ), then 
f n ( u )z G 7 s (y) for some y G fi^. We now show 2 G f2 n +n(w) for every n > 0. Observe that 
f n y £ Q^n+N by (ITTj) . Then f n + n ^) z £ Q^ n+N , as otherwise f n Y(y) would intersect the stable 
side of 6£ n+ 7v. However, because of contraction along 7 s and since the stable side of Q^ n +N is 
contained in W S (P), this would imply that f n, y s (y) C W S (P) leading to a contradiction. Then 
z G fi n +n(w) holds for all n > and since the sets fl n +n(ui) are nested this implies z G fioo- D 

Definition 3.6. By a gap 0/ W s of order n we mean any rectangle bordered by a gap of 
of order n, a segment in the upper unstable side of 6, and two long stable leaves joining their 
endpoints. 

For the next step of the induction, consider a gap G of W s of order g and let 7 C u G Q be 
such that / n ^7 stretches across G. Let u' C 7 be the preimage under f n ^ + 9 Q f an element 
of the canonical partition such that to 1 contains points of Vtoo. Then f m+ 9+ n ^) U j' £ p u ) where 
m = n(/ n(i ^ +ff u/). Let & : = f~ m s- n ^ (fm+g+n(u) u i n yya^ 
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Lemma 3.7. u C Vt^. 

Proof. Since n(u) is the first return time of u to 9, f l u' fl6 = 0forO<z< n(u). We 
have f n ^cu' C G, and so by definition of the gap G of order g, fi(f n ^u') n % +JV = 
for < j < g — 1, and f9 +n ^co' C Since G^^+^+at C G^ + jv, we in fact get 

P'(/ n(a V) n €O+ „ (w )) + jv = 0, for < j < g - 1. However, since w' n fioo ^ then 

fn(u])+g u r c ?g+Ar \ G^+^^+jv, and thus u/ C Q g+n (w)- 

Since m is the first return time of f n ^ + 3uj' to G, for every g + n(uS) < n < m + g + n(u) 
we have /™+™(")+9u/ nO = |, andsowCu'C ^m+g+n^-i- Finally f^+g+n^)^ c yys and 
W s n w+ i = imply w C Vt m+g+n{u]) . The argument of Lemma EES shows /"(/^Mw) n 
©^n+Ar = for every n > 0, and sowC fi fl+m+fl+n ( a; ) . □ 

This allows to complete the inductive construction of Q. [34"| Lemma 2.2] implies Kr\W s C 
A, and so t(z) = inf ({n > 0: f n z G W s } U {oo}) . 

Lemma 3.8. Lei G be a gap of order g. Then for < i < g, f l G D W s = 0. 

Proof. Suppose there exists a point x G / l G fl W s 7^ for some < % < g. Then f 9 ~ % x £ 
@£(g-i) + N- On the other hand, f g ~ l x G f 9 G C ®£ g +N C Q^-^+at, a contradiction. □ 

The rest of the proof of Proposition 13.41 follows from the construction and Lemma 13.81 □ 

Definition 3.9. We say: 

• A' C A is a u-sublattice of A if there exists Y ul C Y u such that A' = {7" n 7 s : 7" G 
T u ' ) r j s G An s-sublattice of A is defined similarly; 

• Q C M 2 is the rectangle spanned by A' if A' C Q and dQ is made up of two curves in 
T u/ and two in V s . 

Define S to be the collection of s-sublattices of A whose defining s-families are of the form 
{Y(z): z G u} for some uj G Q. For / G S let Qi denote the rectangle spanned by /. From 
the construction it directly follows that r is constant on each element of S. We think of r as 
a function on S in the obvious way. 

Proposition 3.10. The following statements hold: 

(PI) (Topological structure) for any I G S, f T ^I is a u-sublattice of A; 

(P2) (Backward contraction) there exist C > and A > 1 such that for any 7" G T u , z G 7", 

any unit vector v at z and n > 0, \\Dj--n z f n v || > C\ n . In particular, E u makes sense 

on 7" and coincides with its tangent directions; 
(P3) (Hyperbolicity) for any 7 G Y u , I G S and all z G 7 fl Qi, 

o-l (I) < \\D z f T ^\E u \\ < al {1) . 

Here, <j\ , a 2 are the constants from ffTU]) ; 
(P4) (Distortion control) 

(a) for any 7 G T" and x, y G 7 fl Q/, 

11 pi frll) I p« || 

(b) /or any 7 6 T s and a// x,y E 7 s , n > 1, 

Px/"!^!! < 2- ||Dj,/ n |E u ||. 
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Proof. To show (PI) it suffices to show that for any 7 G T u , / T ^(7 D I) G P\ This follows 
from the construction. (P2) follows from the backward contraction on the leaves in T u (see 
[34"| Lemma 4.2]) and the fact that any leaf in T u is a C 1 -limit of leaves in T u . Since f T ^ 
is a composition of first return maps to G, (P3) and (P4)(a) follow from the estimates in 
Proposition 13.11 (P4)(b) follows from Lemma 13.3( b). □ 

3.4. Symbolic coding. Let 

B = {z E K: t{z) = 00}. 
Define an induced map F: A \ B — > A by Fz = f T ^z, which is the first return map to A. 
Observe that An5 = A\ U/ e s L Let 

E = BH A, 

and define the corresponding inducing domain X by 

X = A \ \J F~ n E. 

n>0 

This is the set of points in A for which F may be iterated indefinitely. The corresponding 
collection S of basic elements is defined by 

S = {InX: I G S}. 

Observe that any basic element is an s-sublattice of A, and X = {J JeS J- The next Markov 
property allows us to represent (the natural extension of) the induced system F: X O as a 
countable two-sided full shift. 

Lemma 3.11. For any J G S, F(J) is a u-sublattice of X. 

Proof. Any J G S has the form J = J \U n >o 1 e Hence F ( J ) = F ( J ) \ U„>o 

which is a w-sublattice of X. □ 

The next lemma ensures that the set of points for which the coding is not uniquely defined 
carries no invariant probability measure. 

Lemma 3.12. If J u J 2 eS, J x ^ J 2 and J x n J 2 ^ 0, then h n J 2 C W U {P) \ {P}. 

Proof. It is obvious that t{J\) 7^ t(J 2 ). Without loss of generality we may assume r{J\) < 
r(J 2 ). By Lemma EH1 f r{Jl) Ji is an w-sublattice of X, while f T ^ J 2 is contained in some 
gap of W s , say G. Hence, the intersection is contained in the stable side of the rectangle G, 
which is contained in W S (P) by construction. Hence the desired inclusion holds. □ 

Define a coding map h: S z — > X by ([7j). Observe that F o h = h o a, and no F- invariant 
probability measure gives positive weight to Xo := W S (P) \ {P}. Then Lemma [3.121 and the 
next lemma ensure that (S, r) is an inducing scheme of hyperbolic type. 

Lemma 3.13. h defines a measurable bijection between S z \ h~ x XQ and X \ Xq. 

Proof. First we show that h is well-defined. Let a = (a n ) n G S z . The sequence h([ao, • • • , ctn])neN 
is a sequence of nested s-sublattice of A. By (P2) and Lemma I3T31 (b), the stable sides of the 
rectangles spanned by these sublattices converge, in the C 1 topology, to a curve whose tangent 
direction has large slope. On the other hand, ft,([a_ n , . . . , a_i]) n£ N defines a nested sequence 
of w-sublattices of A. By (PI) the unstable sides of the rectangle spanned by these sublattices 
converge, in the C 1 topology, to a C l curve whose tangent direction has small slopes. Thus 
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the intersection of the two sets f] n>0 h([a , . . . , a n )) and Hn>o ^([ a -n> ■ ■ ■ , ar e curves, in- 
tersecting each other exactly at one point. Hence, h(a) is well-defined. From the uniform 
hyperbolicity of F and the fact that the cylinder sets form a base of the topology in S z , h 
is continuous. It is obviously surjective, and from Lemma [3.121 it defines a bijection between 
S z \ h^Xo and X \ X . By the continuity of h and [HI Claim 3.3], it is a measurable 
bijection. □ 

3.5. Hausdorff dimension of exceptional sets. For 7 G r u , let 

^00(7) = {z <E 7: f n z Q(. n+N for every n > 0} . 

In particular, ^00(7) = Qoo. Although ^00(7) depends on N, we will not explicitly express 
this dependency in the notation (except in the proof of Lemma 14.31) . 

Lemma 3.14. for each 7 G f u , HD (^(7) n B) < e. 

Proof. Given g > 1 and a g-string (ki,...,k g ) of positive integers, we define collections 
^2), • • • , k 2 , . . . , k g ) of pairwise disjoint curves in 7 inductively as follows. 

Let 

Q(fci) = {wic 7 :/Ver}. 

Given . . . , fcj), for each G Q(&i, ■ ■ ■ ,ki) let 

Q(w is A^i) = H +1 C / fcl +''' + ^+^+ 1 a; i+1 G f«}, 

and define 

Q(h, . . . , k i+1 ) = (J Q(o;j, k i+ i). 

Wi£Q(fci,...,fci) 

For each sufficiently large integer n, let 

Q n (/ci, . . . , ki) = {Ui G . . . , ki) : sup{r(» : z E u{\ > n}. 

For each G <2 n (^i, • • • , let 

Q n (wi,fc»+i) = {uj i+1 G Q(wi, fci+i): sup{r(z): z G w m } > n}. 
Let w = 7 and Q n (w , h) = Qn(h). 

Sublemma 3.15. If £ > 2/3 and iV > 2(1 + £), then for every n > 6N and for any z G 7 

r(z) > n there exist an integer 1 < s < n/N , and for each i = 1, . . . , s an integer k{ > N 
and a curve u;, G Q n (k\, . . . , ki) such that: 

(a) h + --- + k s > 

(b) z G u s C • • - C U\\ 

(c) £(co s ) < Ca^ kl+ - +k °\ 

k i+i 

(d) for each i = 0, . . . , s - 1, #Q n (ui, k i+1 ) < 2 £ . 

Proof. Define a sequence =: to < t% < ■ ■ ■ of return times to G inductively as follows: given 
ti such that f u z is in the gap of W s of order g^ define 

t i+1 = min{t > U + g { + + N: fz G G}. 

Note that (ti) are not the only return times of the orbit of z to G. Since g± > we have 

(12) t l+1 -ti>N. 
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Define s = max{i: ti < n} + 1. (|T2|) gives s < n/N. We also have 

(13) *.-l+&-i>g7. 

For otherwise t s _i + < and so ^(* a _i + </ a _i) + iV < [n/2] and [n/2 ] C 6 €( i s _ 1+9s _ l)+A r. 
The assumption 2 G ^(7) gives f"-^3s-\ z ^ 0^( ts _ 1+Pa _ 1 ) + jv (see (ITT]) ), and so fts-i+g a -i z ^ 
©[n/2]- On the other hand, since f ts ~ 1 z is in a gap of order g s _i we have f t °-i+9s-i z g 
©Cgs-i+Af- Let r denote the first return time of f t ^-^+9s-i z ^ q Then r > £g s _i + AT, and so 
t s = t s -i + g s -\ + r. Since r < [n/2] we have t s < || + n/2 < n, which is a contradiction. 

For each i = 0, . . . , s — 1, define = t i+ i — ti. Since k\ + • • • + k s = t s > t s _i + g s -i, 
(a) follows from (JT3l) . For each i = 1, . . . , s, let cuj denote the curve in Q n (ki, . . . , hi) which 
contains z. Then (b) is straightforward, (c) follows from Proposition 13.11 In order to prove 
(d) we need the following 

Claim 3.16. For any uj i+ i G Q n (uji, k i+ i) , f kl+ '" +ki u i+ i is contained in a gap ofW s of order 

Proof. Let z G u)i+i be such that r(z) > n and f k i+'"+ k *z i s contained in a gap of order fcj+i. 
Assume that f kl+ '" +ki uji + i is not contained in the gap containing f kl+ "' +ki z. Then the interior 
of f kl+ '" +ki oj i+ i contains a boundary point of the gap. It follows that f kl+ '" +ki+ki + 1 ui i+ i ^ T u , 
a contradiction. □ 

For (d), observe that for any gap G of W s of order gj we have 

(14) #{u w G Qniui, k i+1 ) : f kl+ - +ki u i+1 C G} = or =2, 

since gaps are not folded up to their order, and f^GnQ = for < j < t i+ i by the definition 
of ti + x. There is therefore at most one fold at time ti + 

Let go denote the maximal order of the gap of W s which contains / fcl+ "' +fci -images of 
elements of Q n (ui, k i+ i). If a gap G is of order g , then f 90 G C Q^ 90+ n- Hence go + £go + 
N < ki + \ holds. From (TL4")) and the fact that the number of gaps of order g is < 2 9 we 

^Z + l — N r> ^i + 1 

obtain #Q n (ui,ki +1 ) < 2 ^ -=i 2* < 2~ < 2~. The last inequality holds provided 
N > 2(1 + 0- " □ 

Returning to the proof of Lemma 13.141 we have 



{* G fW7) : r(s) > n} C [J [j (J |J 

s=1 i=[g 5 -] — i-fc s =i £j s eQ„(fei,...,fe s ) 

By Sub lemma 13. 15( a) (c). the lengths of the curves cj s in the union of the right-hand-side are 
exponentially small in n. We show that ^ all relevant ^ i(oo s ) £ is finite for all n. 
Observe that 

us) £ % j+1 r= £ £ 

On the second sum of the fractions, let cuj+i G Qn( w i>^i+i)- Since £(f kl+ '" +ki+1 Ui + x) < 2 and 
\\D x f k ^\E u \\ > a\ l+1 for all x G / fel+ - +fci u; i+ i, we have i(f kl+ - +k >cu i+1 ) < Ca^ h+1 . From this 
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and the bounded distortion in Proposition 13.1 



(16) If^T" i(f^-^) ~ Ca ' ■ 



■ 

e 



Using ( !T6|) and Sublemma 13.15( d) 
Plugging this into the right-hand-side of ffl5l) we get 

(17) e %m) e < cvr fei+i e 

W»6Q n (fel,— ifei+l) Wj6Q„(fci,...,fei) 

The same arguments as above applied to any u>i G Q n (ki) yield 

(18) J] ^i) £ < C e #Qn(ki)o-i £kl < CVr ffcl . 

OJlGQn(fcl) 

Using ( TT71) inductively and (fT8|) yields 

E ^(w s ) e < c £ v7 f(fcl+ "' +fcs) . 

Using this and Stirling's formula for factorials we have 

oo oo ( 

EE E e ^ £ ^ ° £S E a ^ £l * \ • • • ' *•) : E = 1 

Z=[f|] ki+-+k s =l ui s eQ n (ki,...,k s ) l =[ik] 

oo 



< c e ^ 5 V. 



where /3 — > 1 as iV — > oo. Hence 



en oo 



EE E E %.r<^E^y. 

«=i i=[^-] — i- fc s=' w s eS n (fci,...,fe s ) ' = [t"] 

Since N is chosen after e and £, one can choose iV large enough so that the expression on 
the right-hand-side decays exponentially with n. Consequently the Hausdorff ^-measure of 
^00(7) H B is zero. □ 

3.6. Small growth rate of the number of basic elements. Let 

S( n ):=#{J eS:r(J)=n}. 
Proposition 3.17. For any e > there exist £ and N large such that 

lim — log S(n) < e. 

n— >oo n 
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Proof. For each J G S with r(J) = n, let uj denote the unstable side of the rectangle Qj 
spanned by J which is contained in 7. Observe that there exists 1 < s < n/N and a s-string 
(ki, . . . , k s ) of positive integers such that k\ + • • • + k s = n and ujj G Q n (^i? • • • , K). For two 
distinct J 1; J 2 G S with r(Ji) = r(J 2 ) = n, one has ujj 1 fl wj 2 = 0. Therefore, 

n/N 

s=l feiH |-fc s =n 

_____ fc]_H h&s n 

Sublemma 13. 15( d) implies ■ ■ ■ ,k s ) < 2 S < 2« . Substituting this into the right- 

hand-side of the previous inequality we obtain S(n) < -^/3 n 2«, and thus limn" 1 log S(n) < 

n— >oo 

log/3 + (1/0 log 2, which can be made arbitrarily small by choosing large £, N. □ 

4. Efficiency of the inducing scheme 

The purpose of this section is to prove the next 

Proposition 4.1. For any /1 G Ai e (f) with h(fi) > 2e, /i(A) > 0. 

It follows that any ergodic measure with not too small entropy is liftable to the tower 
associated with the induced system (X, F) constructed in Sect. 3. 

Corollary 4.2. Any \i G M e (f) with h(fi) > 2e is liftable. 

Proof. Proposition 14.11 gives //(A) > 0. Since F is a first return map to A, the Poincare 
recurrence gives n{X) > 0. Since F is the first return map to X as well, Kac's formula [33l 
Theorem 1.6] gives J x rdfi = 1, and so r is /x-integrable. By j4T], \i is liftable. □ 

The rest of this section is devoted to the proof of Proposition 14.11 In Sect 14. II we improve 
Lemma 13.141 and give a better control of the dimension of the set of points which do not 
return to A. In Sect 14. 21 we recall some general results on invariant manifolds of nonuniformly 
hyperbolic systems which we then use to complete the proof of the proposition. 

4.1. Dimension of the set of points not returning to A. We show that the set B is 
small in terms of Hausdorff dimension. 

Lemma 4.3. For any 7 G T u we have HD(7 (IB) < e. 

Lemma 4.4. For any relatively open curve 7 in W u intersecting K there exist a countable set 
A C 7 PI W S {Q), a countable collection {7 n } n of curves in 7 and a sequence {a n } of positive 
integers such that: 

(a) (mK)\Ac{J nln , 

(b) /°*7n e f«. 

Proof. A successive use of Proposition 13 . 1 1 implies that all but countably many points iwydK 
have arbitrarily small neighborhoods in W u which are mapped by some positive iterates to 
curves in T u . □ 

The countable stability of Hausdorff dimension additionally yields: 

Corollary 4.5. For any relatively open curve 7 C W u , HD(7 D B) < e. 
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Proof of Lemma \4-3\ Choose £ = £(e) 3> 1 so that 

(19) 77 := 2(7^ < 1. 

We call / > a close return time of z G 7 if I — min{z > : f l z G G^+jv}. Let Zi, l 2 , ■ ■ ■ be 
defined inductively as follows: l\ is the first close return time of z\ given Zi, . . . , l k -i, let l k be 
close return time of f ll +-+ l k-i z _ Obviously l k > £l k -i + N and Zi > 1, and so 

(20) z* > e*- 1 . 

If Zi, . . . , l k are defined in this way, we say z has k close returns and denote by E k the set of 
267 which have k close returns. Let = f\>i ^fc- 

Sublemma 4.6. HD(S DO ) < e. 

Proof. Let 14 denote the collection of components of E k . Then for each G there exist a 
sequence Zi <•••</& of positive integers and a nested sequence «i D • • • D u k of curves such 
that for each i = 1, . . . , k, f ll+ "' +li Ui is a C 2 (6)-curve stretching across G^ i+ jv- For Uk-i G £4-1 
and Zfe > let 

1Z(uk-i,lk) — {uk G Wfc: Zfc is a close return time of points in / ' _1 ttfc}. 
By definition, 

Ek= U U U 

Mfe_lGWfc_l ifc u k £TZ(u k _ 1 ,l k ) 

where the second union runs over all possible Ik- For each Uk G 1Z(iik-i, l k ), let denote the 
curve in u k -i containing Uk such that /' lH G T u . Since f ll+ "' +lk \uk is a composition of 

first return maps to G, the distortion is uniformly bounded by Proposition I3.1 1 Hence 

£(u k ) < £(u k ) i{f h+ - +lk uk) . &h 

- 777T7 - nrsu+...A-i,.^ \ - 0cT i ■ 



Using #K(u k -i,lk) < 2' fc , Q2D) and then (P2J we get 

E E E 2<v r *"<cy'-'. 

Hence 

E = E «i»»)' fe E |p4 J s ^ E **-d'- 

Using this recursively for we get 

The right-hand-side goes to as — > 00, and thus the Hausdorff e- measure of Soo is 0. □ 



Returning to the proof of Lemma H~3l observe that S n \5 n+1 is decomposed into a countable 
collection of preimages of sets of the form Q OQ ('~f), 7 G T u (see the definition before Lemma 
EH) . Lemma EH yields HD ((H n \ 5 n+1 ) n B) < e, and also HD ((7 \ n B) < e. These 
two estimates and the one in Sublemma 14.61 yields the desired one. □ 
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4.2. Positive measure of the set of points returning to A. In order to complete the proof 
of Proposition 14.11 we need to recall a few general results on stable and unstable manifolds of 
nonuniformly hyperbolic systems from [23J ES] which hold for our system since any /i £ Ai e (f) 
has one positive and one negative Lyapunov exponent, by [TT] . 

For any fi £ Ai e (f) there exist Borel subsets Ti C Y 2 C • • • C K such that supp(/i) = 
Too := U^n and sequences of positive numbers 5 n 3> e n , possibly — > as n — > oo, such that, 
for x £ r„: 

(Nl) the unstable manifold W u (x) of x (see ([3])) is an injectively immersed C 2 submanifold 
with T x W u (x) = E u (x). An analogous statement holds for the stable manifold W s (x). 

Let B^(x) (resp. B s s (x)) denote the ball of radius 5 centered at the origin of T X M 2 in E u (x) 
(resp. E s (x)) and B$(x) := B$(x) x B s s (x). Let T n (x) := {y E T n : \x — y\ < e n } and for 
?/ £ r„(x), let denote the connected component of exp" 1 (W u (y) R exp I .(_B,5 ri (a;))) that 

contains exp" 1 y. 

(N2) For all y £ r n (x), is the graph of a function ip: B^ n (x) -> B s 5n (x) with ||-Dy?|| < 

Y^q, for a conveniently chosen metric. An analogous statement holds for W£(y). 

(N3) For z £ U y er n (2:) let F s (z) denote the element of {W£(y)} y er n {x) which contains 

z. Then z H- T z J rs (z) is Lipschitz continuous. 

(N4) The holonomy map tt: Ei n \J ye r n (x) W x(v) -> S 2 defined by 7r(y) = n S 2 for 

any graph (i = 1,2) of a C 1 function ipi : -B^ n (x) — )■ B s 5n (x) with H-D^ill < s> * s 
bi-Lipschitz continuous. In particular, it preserves Hausdorff dimension. 

Remark 4.1. Since dimE u = 1 the constant a in the bunching condition [T5| (19.1.1)] can 
be taken to be 1. Then (N3) follows from a slight modification of the proof of [T5J Theorem 
19.1.6]. (N4) follows from (N3) and the fact that dirnE 8 = 1. 

Let x £ Too. For each n > consider a countable covering {r„(zj)}i of T ra D W u (x) such 
that (Ji W^{zi) = T n n iy«(x), where W£ c (^) := exp z . W^). Let B 4 = n B. 

Lemma 4.7. HD(#i) < e. 

Proof. By Katok's closing lemma [15, Theorem S.4.13], there exists a periodic saddle Pi £ 
T n (zi) such that W z _(pi) is the graph of a function (p: B$ n (zi) — >■ B s Sn (zi) with < 
Y^q. Since W s (pj) and IT" have transverse intersections, the Inclination Lemma implies the 
existence of a connected component of exp~ 1 (W tt ) R Bs n (zi) that is the graph of a function 
V>: B$ n (zi) —¥ Bg n (zi) with H-Dt/'II < Let tt be the holonomy map between W^ c (zi) and 
exp 2 /(graph(^)). 

Claim 4.8. ir(x) £ B if and only if x £ B. 

Proof. If x $l B then there exist k > and 7 s £ r s such that f k x £ 7 s . We have f k W{ oc (x) C 
Wj* c (/ fc x) and 7 s C W s (f k x). We have VKj* ,.(/*:£:) C 7 s , for otherwise W{ oc (f k x) contains 
points that escape to infinity. Since both x and ir(x) belong to Wf oc (x) then f k (7r(x)) £ V s so 
7r(x) ^ 5. The same reasoning yields the converse. □ 

By ClaimiH w(Bi) C B and Lemma 03] gives HD(7r( J B i )) < e. (N4) yields HD( J B i ) < e. □ 

To complete the proof of Proposition 14.1} observe that since T n R W-™(x) fl 5 C Ui-^jj 
Lemma S21 yields HD(r n n W u (x) R B) < £ for every n > 0, and thus HD(roo n W n (x) flB) < 
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s. Let {/i"}xeroo denote the canonical system of conditional measures of \x along unstable 
manifolds. The dimension formula [IB] gives dim(/x") = dim^(/i) 



> e, and thus 

= o = nKpj 
□ 



/log J u d\i 

^(r(i)nr M n5) < 1 &nd ^((W u (x)) c UT c oq UB c ) > 0. Since ^((W u (x)) c ) = 
we have fi(B c ) = J x£F /j,^.(B c )dfj,(x) > 0. The /-invariance of /i yields //(A) > 0. 

5. Proofs of the theorems 

In this last section we prove the theorems. In Sect J5. II we show that the induced potential 
Tpl: X — > R has strongly summable variations and finite Gurevich pressure. Prior to Theorem 
A, we prove Theorem B in Sect J5.2[ In Sect J5.3I we define two numbers £_ < < t + and show 
that Tpl is positive recurrent for any t G From Proposition 12.41 it follows that for any 

t G (i_,t_t_) there exists a unique measure which minimizes the free energy among measures 
which are liftable to the inducing scheme. In Sect J5 .41 we complete the proof of Theorem A 
by showing that this candidate measure is indeed a t-conformal measure. Theorem C and 
Theorem D are proved in Sect J5. 51 and Sect J5.6[ 

5.1. Strong summability and finite Gurevich pressure. Observe that for z G X we 
have X^ilo^" 1 J u (f %z ) = ll^-^l-^"^)!!- We now prove that the potential function Tpl(z) : = 



—t\og\\DF\E u (z)\\ has strongly summable variations (i.e. 
strongly summable variations). 



the potential t$ = (p t ° h has 
In particular, 



Lemma 5.1. There exists C > such that for every n > 0, V n (§) < Cb 1 a l n 
t$ has strongly summable variations for any tel. 

Proof. Take a, gf G S z such that a« = a\ for every — n + 1 < i < n — 1 . Let Xi 
x\ = F l (h(gf_)). Let y denote the point of intersection between 7"(x_ n ) and 7 s 



FKh(a)), 
, We have 



\$(a) - Q(a') 



"(xo)-l 



J u (fx ) 



J u (f% 



< 



t(x )-1 
i=0 



J u {f i (F n y)) 



+ 



r(x )-l 



J2 lo s 



J u (f(F n y)) 



J u (f%) 



By the F-invariance of the 7 s -curves, F l (F n y) G Y{ x 'd f° r < i < n — 1. Hence Xi and 
F l (F n y) belong to the same basic element for < % < n — 1. By the F-invariance of the 
7"-curves, Xi and F l (F n y) belong to the same 7^-curves for < i < n — 1. Proposition 
I3.10( P3) implies \x\ — F(F n y)\ < erf" '. Using this and Proposition 13. 10( P4) (a) we have 



(21) 



t(xq)—1 
i=0 



J u (fx ) 



< C\f T{xo) x - F(F n y) \ < Ca^ n . 



To estimate the second summand, for zsP let e u (z) denote the unit vector with a positive 
first component which spans E u (z). 

From the bounded distortion in (P4) (b) and the proof of Lemma 13.31 in Appendix A2 we 
have \\D fi (z)e u (z) \\ > {1/2)k? for every j > 1, where k = §~( 1+ & N . Then the angle estimate 
in 



Claim 5.3] yields 

Z(Dr(F n y)e u (F n y),Dr(x' )e u (x' Q )) < (Cb)^ 
From the contraction along the 7 s -curves we have 

\\Df(f(F n y)) - Df(f%)\\ < C\f(F n y) - f%\ < (Cb)^\F n y 



X n 



< {Cb) 



i-\-n 



EQUILIBRIUM MEASURES FOR THE HENON MAP AT THE FIRST BIFURCATION 

Hence 

J u (f(F n y)) 
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log 



J U (f%) 



Df i+1 {F n y)e u {F n y) Df i+1 (x' )e u (x' o ) 



< Cb^ 1 

\\Df*{F»y)e«{F»y)\\ \\Dp(x' )e"(x> )\\ 

< Cb- 1 (\\Df(f(F n y)) -Df(fx' )\\ +CZ(Df i (F n y)e u (F n y),Df(x' )e u (x' ))) 

< (Cb)^- 1 . 



The first inequality follows from the fact that | log(l + < f° r ^ ^ and J u > 6/5. The 
second one follows from the triangle inequality. Then 



(22) 



t(xo)— 1 

E 

i=0 



log 



J u {f(F n y)) 



Jv(px ) 



r {xo)-l 



< J2 (Cb)^- 1 < (Cfe)f- 1 . 



8=0 



(pTj) ( 122|) yield the desired inequality. 



□ 



We show the finiteness of the Gurevich pressure of the induced potential of a "shifted" 
potential. For t, c £ R define 



JeS 



and 



coOO 



tlogcr 2 - Urn (1/ n) log S(n) if i < 0; 

n— >oo 

£ log <7i- lim (l/n)logS(n) if t > 0. 



By Proposition I3.10( P3)(P4). for some C > we have 
(23) T tjC < 



CEn> N S(n)e^ tn if t < 0; 

^En>^^ c vr tn if t > 0. 



Lemma 5.2. If c < Co(i), i/ien T tjC < oo and t/iits Pg (<£>t + c) < oo. 
Proof. In the case i > 0, using the second alternative of (1231) we have 

7t )C < C ^2 ex P ( n ( c - ^logo-i + -logS(n))) 

n>7V ^ ^ " ' ' 



< OO. 



The case t < can be handled similarly. 

As for the Gurevich pressure, fix J £ S. Observe that <p t + c = — tlog ||.D/ T |.E'"|| + cr and 
so, 



Pg (Jpt + c)= lim - log V exp (V (^ + c)(F l x) J 

le^njn \i=0 / 



u 
F n x^ s {x) 



< lim — log ( 

\JeS 



sup exp {(f t + c){x) < lim - log(C • T tiC ) n = \ogT t)C < oo, 



n— >oo 77, 



where C > is a uniform constant. 



□ 
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5.2. Unstable Hausdorff dimension of K. In this subsection we prove Theorem B. To 
this end we need a couple of preliminary lemmas. 

Lemma 5.3. t u > jsaf . 

log 5 

Proof. Consider the line through the two points (0, log2) and (t u ,0) on the pressure curve 
{(t,P(t)) e R 2 : t e R}. The point (-1, (l/t u ) log 2 + log 2) lies on this line. Since the 
pressure curve is concave up, we have (l/t u ) log2 + log2 < P{— 1). Since \\Df\\ < 5 on R we 
have P(— 1) < log 2 + log 5, and thus the desired inequality holds. □ 

For fieM{f), let 

A M (/i) = J log J u dfx. 

A proof of the next lemma is given in Appendix A3. 
Lemma 5.4. inf{A u (/x): ll E M e (f)} > log(2-e). 

Proof of Theorem B. By Lemma 13.3} the tangent directions of the curves in V s vary in a 
Lipschitz continuous way. Then the holonomy map between two curves in T u along 7 s -curves 
is Lipschitz continuous, and thus the Hausdorff dimension of 7 s n X is independent of the 
choice of 7 s G T u . This number is denoted by d u (X). 

Lemma 5.5. d u (X) = t u . 

Proof. Fix a basic element Jo G S. Consider the covering U n of 7 D Jo by n-cylinders. Using 
condition (P3) and (P4) we have for some C > and all t > 

(n-1 
-tJ2^g\\DF\E u {F l x)\\ 

F n x£-y a (x) 

By definition the expression of the right-hand-side has the growth rate Pcijpt) as n increases. 
Since the pressure is non-increasing and t u is the unique solution of the equation P(t) = 0, 
P(t) < holds for all t > t u . For these t, Co(t) > 0, and thus by Lemma I5.2[ Tpl has 
finite Gurevich pressure. It has strongly summable variations by Proposition I5.1[ and hence, 
there exists a unique F- invariant Gibbs measure v-^ for Tp t . We also have v^{r) < 00. The 
Variational Principle and Abramov's and Kac's formulae [2U Theorem 2.3] yield P@(jpi) < 0. 
Hence the Hausdorff t-measure of 7 R Jo is 0. Since t > t u is arbitrary, d u (X) = HD(7 fl Jo) = 
HD(7nX)<f. 

To show the reverse inequality, pick an ergodic t u -conformal measure, which was proved to 
exist in [M] and denote it by // t «. The dimension formula gives h((j, t u) = dim.H(fXt^)^ u (f^t u )- 
Using the equation F ?fU (^{«) = 0, e 1 and Lemma [5731 we have dim#(/i t u) = t u > 4s. From 
this and Lemma [5741 we have h(fj, t u) > 2s. By Proposition 14. 1[ fi t u is liftable. Let {^1^ denote 
the canonical system of conditional measures of /i^ along unstable manifolds. Since fi t u gives 
full weight to the set Y := \J n>0 f n X, v x (W u (x) n Y) = 1 holds for /i^-a.e. x. (P3) gives 
7 u (x) C W u (x), and thus W u (x)nY = [j n > f n (l u (x) C\ X). Since dim H (^) = dim(v x ) = t u 
we have HD(7 u (x) D X) > t u , and therefore d u (X) > t u . This completes the proof of Lemma 
[5751 □ 
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Take any relatively open curve 7 C W u intersecting K. By Lemma I4.4[ there exists a 
countable collection {7„} of curves in 7, and a sequence {a n } of positive integers so that 
/ a "7„ G f u . Hence d"(X) < HD( 7n n f~ an X) < HD( 7 n K). 

On the other hand, the set (/ a "7 n H if) \ X is decomposed into a countable collection 
of sets which are sent by some positive iterates to sets of the form 7 D (A \ X), 7 G T u . 
Lemma S3] implies HD((/ a "7 n n K) \ X) < e, and therefore HD(7„n if) = HD(/ a "7 n n K) < 
ma,x{e,d u (X)} = d u (X), The last inequality being a consequence of Lemma [5.31 and Lemma 
1531 This yields HD(7 D K) < d u (X). Hence we obtain HD(7 n K) = d u (X) = t u , and the 
first statement of Theorem B holds. 

To complete the proof of Theorem B it is left to show t u — > 1 as b — > 0. Choose a large 
integer n. Recall that n is the open domain bounded by and the unstable sides of R. 
Define a decreasing sequence {E k } of sets inductively by E = 7 and E k = E k _i \ f~ k+1 Q n 
for k > 1. Observe that D = HfeLo — l\ U^o /~ l ©n C 7 fl if is a Cantor set in 7. 

Define a decreasing sequence {E k } of sets inductively by E = 7 and E k = E k _i \ f~ k+1 O n 
for k > 1. Let _D = HfcLo Observe that 7 D if = 7 \ USo = ^> which is a Cantor 

set in 7. Let £fc denote the collection of components of E k . For each A E £ k choose a point 
xa G A fl -D and denote by the atomic probability measure which is uniformly distributed 
on the set {xa- A G £ k }. Pick a limit point of {fi k } and denote it by /Xqq. Since D is closed, 
HooiD) = 1. By construction, for every Ae^ and p > k we have 



Since /ioo assigns no weight to the endpoints of A, fi p (A) — > f-i(A) as p — > 00. Hence 
(24) /i(A) = lim n P (A) ' 



Lemma 5.6. There exist constants C n > 0, Cb > such that for every k > 1 and A G 
(1/C 6 )(2 + e)~ fc < £(A) < (1/C n )(2 - e)- fc . ' 

Proof. We begin by recalling that the Chebyshev quadratic 2 G [—1, 1] — > 1 — 2a; 2 is topologi- 
cally conjugate to the tent map with slope 2 in modulus, and the conjugacy is smooth except 
at the boundary points where the derivatives blow up. Since the Henon map / may be viewed 
as a perturbation of the Chebyshev quadratic, the following holds provided b is sufficiently 
small: 

(a) there exists constants C n > 0, C& > such that if % > 1, z G 7\© n an d fz, . . . , f l ~ x z 
©„,, then C n (2-eY < \\Df\E u (z) || <C b {2 + e)\ 

In addition, from (a) and [39l Lemma 2.4], 

(b) if 7 C R \ n is a C7 2 (6)-curve, then / 7 is C 2 (6). 

Let A G ffc. By construction, / l A does not intersect O n for every < i < k — 1. In particular, 
f k ~ l A is a C 2 (6)-curve by (b). If f k ~ 1 A is at the left of n , then the left endpoint of f k ~ 1 A is 
in afc (1 < A; < n — 1) and the right endpoint of it is in at~. If f k ~ l A is at the right of O n , the 
left endpoint of f k ~ 1 A is in a+ and f k ~ 1 A intersects af . In both cases f k A is a C 2 (6)-curve 
intersects f(a~ U a+) and af and thus £(f k A) > C for some constant C > and (a) yields 
the desired inequalities. □ 
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Let n > denote the diameter of B n . The bounded distortion in Proposition 13.11 implies 
that there exists C > independent of n, b such that for every k > 0, 

This yields £{E k+1 ) = £{E k ) - t[E k \ E k+l ) > (1 - C<f) n )e{E k ). Using this inductively, 
(25) > (1 - C0 n ) fc . 

Let p = (2 - e)(l - C0 n ). By (j25J) and Lemma 

To finish, let Z7 be an arbitrary small curve in 7. For some large fc>0we have 

(27) (1/C 6 ) (2 + e)-"- 1 < t(U) < (1/C b ) (2 + e)- k . 

By Lemma ESI U can intersect at most two elements of S k . Let c > 2 be a constant such that 

(28) l ° gP > — 
1 ' log(2 + e) - logc' 

Using (124]) (T26]l (127]) (p8|) and that £(U) < 1, 



Voo(U) < (2/#£ fc ) < (2/C n )p- k = (2/C n ) (2 + e) 



— k log p 
log(2 + £ ) 



log p log p log p log 2 

< (2/C n )(C b (2 + e))^+^l(U)^+^ < (2/C n )(C b (2 + s))^+^£(U)^. 

The Mass Distribution Principle [131 P-60] yields HD(D) > jg§. Note that c can be taken 
arbitrarily close to 2 at the cost of choosing sufficiently large n and then sufficiently small e, 
b. Since D C 7 D -K" and t M = HD(7 n i<T) from the first statement of Theorem B, we obtain 
t u -> 1 as 6 -> 0. □ 

Corollary 5.7. \ u {^) ->■ log 2 as b ^ 0. 

Proof. The topological entropy of / is log 2. The relation F v u(fi t u) = and the variational 
principle give A u (/4«) < log2/i u . On the other hand, Lemma EH gives A"(/i^) > log (2 — e). 
Since i" — > 1 as 6 — > as in Theorem B and e > can be made arbitrarily small by choosing 
small b, we get the claim. □ 

5.3. Positive recurrence. We now define 
( 29 ) *+ = w \ 1 ,/o ^ I P and *- - 



A«(^)-log(2-e) + v ^ A w (/^) -log(4 + e) - yje 

Corollary 15.71 implies that the definition of t± make sense. It also implies that for any given 
e > one can choose e and &i G (0, b ) so that if b < b\ then (— 1 + e, 1/e) C (£_,£+). 

Proposition 5.8. //£ G (£_,£+), thenTpl is positive recurrent. 

Proof. Let M.l{J) denote the set of liftable measures to the inducing scheme constructed in 
Sect. 3. Let 

P t : = sup{F Vt (/i): /i G M L (f)}. 
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In view of Lemma \5. 2 1 it suffices to show that one can choose r] > so that T t -(p t - n ) is finite 
for all < i] < i] . To show this we first estimate P t from below. In the proof of Theorem B 
we have shown that is lif table. Hence 

(30) P t > Fytifltu) = h(ll t u) - t\ U (fi t u) = (t U - t)\ U (fi t u). 

To show the finiteness of T t ^_m_ f? ) we consider the following three cases. 
Case I: < t u < t < t + . Using ([30]) and the fact that a x = 2 - s in ([10]) we have 

-P t - t log ax + - log S(n) <(t- t u )\ u (^) - t log(2 -e) + - log S(n). 
n n 

By the definition of t + in ( 12 9 p and Proposition I3.17[ the number of the right-hand-side is 
strictly negative for all large n. Therefore for sufficiently small rj > 0, 



T t) -(P t -n) < C ^2 ex P (™ (^~ p t + ^ - ^ log o"! + ^ log S" (n)*j j 



< oo. 



n>0 

Case II: < t < t u < 1. Jensen's inequality applied to the convex function x — > x l yields 

t(jy < sin) 1 -' ( £ ( J ) 

r(J)=n y T (J)=n 

Using this and the upper bound of S(n) in Proposition 13.171 we have 

e - {Pt - v )n £(J)*<exp^r/+(t-t")A(^) + (l-t)ilog^H-^loga 1 ')n') 

r(J)=n ^ " ' ' 

< exp ^77 -t u X(fi t u) +t(\(fMu) - ilogffi) + (1 — t)ej n 

Since — > 1 and A(/i^) — > log 2 as 6 — > 1, the exponent is strictly negative for sufficiently 
small r] > 0. Therefore T t -(p t - v ) < oo holds. 

Case III: £_ < t < 0. Using ([8]) and the fact that a 2 = 4 + £ in (TTOj) we have 

-P t -tloga 2 + -logS(n) < (t-t u )X u (fi t u) -nog(4 + e) + -log5 , (n). 
n n 

By the definition of t_ in ( l29l) and Proposition 13.171 the number of the right-hand-side is 
strictly negative for all large n. Therefore for sufficiently small rj > 0, 



7t-(p t -r,) < C^exp ( -(P t - rj) - tlog cr 2 + -logS'(n) j J 

n>0 ^ ^ n J J 



< OO. 



This completes the proof of Proposition 15.81 □ 

Corollary 5.9. For any t G (t_,t + ) there exists a unique equilibrium measure for ip t among 
all liftable measures. 

Proof. Choose c < c (t) so that -c > 1. Then ip t + c has finite Gurevich pressure, and 
is strongly summable by Proposition 15.11 Observe that Piift + c) = Pb^t) + c and so 
<ft + c — Piift + c) = ipt — Pi^t)- Since ip t is positive recurrent by Lemma [5781 so is <p t + c. 
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By Proposition 12. 4[ there exists a Gibbs measure v-^p^- By the Gibbs property, for any J E S 
and for all x G J, 

V^T C (J) < Cexp (-P G (^+- C ) + ^+-C{X)) < Ce- PG( ^) e cr { J) ^ ^-tr(J) ^-tr(J) 

and therefore 

(31) Yl T ( J )^(J) < CnS(n)e- p °^e cn m a x (^ tn , 



2 J 



JSS 
r(J)=n 



The right-hand-side has a negative growth rate as n increases. Hence v<p t + c { T ) < oo holds. 
By Proposition I2.4[ there exists a unique equilibrium measure for <p t + c among all liftable 
measures. Since y?t + c is cohomologous to (pt, they yield the same equilibrium measures. □ 

5.4. Uniqueness of t-conformal measures. We finish the proof of Theorem A. We start 
with preliminary estimates of t±. Define 

\ u sup := sup{A"(/i) : n G M e (f)} and A" nf := inf{A w (/i) : fi G M\f)}. 

Lemma 5.10. We have 

t u X u (a t u) - 2e , t u X u (a t u) - 2e 

A«(^)-A« f A«0*t»)-A« p 

Proof. A direct computation gives 

t"A"(/^)-2e t"A"(M(Af nf - log(2 - e) + yg - 2e(A"(/^) - log(2 - e) + yg 

A u (/v) - Ar nf + ~ (A«(^») - A« f )(A-(/i^) - log(2 - e) + Vi) 

The denominator of the fraction of the right-hand-side is positive. Since t u — > 1 and A n (/z t u) - > 
log 2 as 6 — )■ 0, the first term of the numerator is > (1/2) -y/e. Hence the numerator is positive. 
Hence the first inequality holds. A proof of the second one is analogous. □ 

Proof of Theorem A. Let t G (i_,i+). In view of Corollary 15.91 we need to consider measures 
which do not give positive weight to X. Since 

bu P {F w (//): /i G //(X) = 0} = sup{F^(/i): // G A4 e (/), /i(X) = 0}, 

we may restrict ourselves to ergodic measures. It suffices to show 

(32) sup{F w (/i) : // G AT(/), /i(X) = 0} < P t . 

We argue by contradiction assuming (I3"2"j) is false. Then, for any 5 > there exists // G 
A4 e (,/) such that n(X) = and h(n) - tA u (/i) > P t - 5. © yields 

> t (A» - A"(/x t «)) + W( Mt «) - 5. 

For the rest of the proof we deal with two cases separately. 

Case I: < t < t+. We have h(fi) > t (A^ nf - A u (/v)) +t u X u (fi t u) - 5. Since 5 > is arbitrary 
we get 

(33) h{fj) > t - \ u (fi t u)) + t u \ u M. 

fl33|) and the first inequality in Lemma 15.101 yield h(fi) > 2e. Proposition 14.11 gives fi(X) > 0, 
which is a contradiction. 

Case II: t- < t < 0. Follows similarly using the second inequality in Lemma [5. 101 □ 



EQUILIBRIUM MEASURES FOR THE HENON MAP AT THE FIRST BIFURCATION 



27 



5.5. Measure of unstable maximal dimension. We now prove the existence and unique- 
ness of a measure of unstable maximal dimension. 

Proof of Theorem C. Let fi G M e (f). If /i(X) > 0, then MLUo f nX ) = 1 holds - Arguing 
similarly to the last paragraph in the proof of Theorem B we obtain dim#(/x) < d(X) = t u . 
If /i(X) = 0, then Proposition 14.11 gives h(fi) < 2s, and since t u — > 1 as b — > 0, we have 
dim^(/i) < t u for b,e small enough. Since dimff(/i t «) = t u , /i t « is a measure of maximal 
unstable dimension. 

As for the uniqueness, let \x be a measure of maximal unstable dimension. Then dim#(yu) = 
t u , and so h(p)— t u X u (n) = 0, namely \l is a t u -conformal measure. The uniqueness in Theorem 
A yields fi = /i t «. □ 

5.6. Statistical properties of equilibrium measures. We now prove statistical properties 

Of {If 

Proof of Theorem D. Once the existence of the t-conformal measure is established, the sta- 
tistical properties from Theorem D can be deduced from the abstract results of Young [UJJ 
Theorems 2 and 3] using the exponential tail estimate in f )3ip . □ 



We refer the reader to [311 Sect. 2] for relevant definitions and results used in this appendix. 

Al. Proof of Proposition 13.11 Let ( denote the critical point [3U Sect. 2. 2] on 7, and 

let p(z) denote the corresponding bound period for z G 7 n [3U Sect. 2. 3]. [34, Proposition 

2.6(e)] gives \\Df p ^\E u (z)\\ > (4 - 2e) £ £ 1 and slope( J D/^|E M (2)) < Vb. Since p(z) < n, 
the derivative estimate in [311 Lemma 2.3(a)] gives ||D/" _P ^|^"(/ P ^2;)|| > a1~ p{ - z \ Hence 
\\Df n \E u (z)\\ > (4 - 2e) Pj ^ar p{z) > °i and (a) holds. 

For z G j n , Let e u (z) denote the unit vector which spans E u (z) and has a positive first 
component. Consider the stable foliation F 8 [3H Sect. 2. 2], and let F s (fz) denote the leaf 
through fz. Let e s (fz) denote the unit vector which spans Tf z F s (fz) and has a positive 
second component. Split Df(z)e u (z) = A(z) (J) + B{z)e s {fz). [361 Lemma 2.2] gives 

(34) \A{z)\ w |C - z\ and \B(z)\ < CVb. 



Let p = m&x{p(z) : z G 7J. Split \\Df p (x)e u (x) - Df p ( y y)e u (y)\\ <h + I 2 + h + h, where 
h = \A{x)-A{y)\.\\Dr\fx){l)l 



Appendix: computational proofs 



h 
h 
h 



\B{x) - B{y)\.\\Dr\fx)e s (fx)l 

\B{y)\ ■ \\Df p -\fx)e s (fx) - Df p - l (fy)e s (fy)\\ 

\A(y)\-\\Dr-\fx)(l) - Dr\fy)(l)\\. 



Estimates of Ii,I 2 . Let e s (z) 




and 
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where z\ denotes the first coordinate of z. Let R(z) denote the rotation matrix by 9(z) : = 
Z(e u (z), ( o )). Then A(z), B(z) are equal to the (1, 1), (2, 1) entries of the matrix S(z)-Df(z) ■ 
R(z)^ 1 correspondingly. A direct computation shows that A, B are linear combinations of CKj, £j 
(1 < i < 4), cos#, sin#, all of which are Lipschitz continuous on j n , from flTJ, property (F3) 
of J 75 (see [311 Sect. 2. 2]) and the C 2 (6)-property of j n . Hence A, B are Lipschitz continuous 
on 7 n as well, which implies 

(35) h < C\x-y\ - |K(C)|| and J 2 < {Cbf- l \x - y\. 

Estimate of I3. We start with an elementary geometric reasoning. Let v±, vi be nonzero 
vectors in R 2 such that ||t>i|| < \\v 2 \\, 9 <^ 1 (See figure 3). We have 

||t> 2 — fi|| < Hl^ll — H^ill cos^| + ||fi || sm9 

= cos^HI^II — ||fi||| + (1 — cos ^) ||f2 1| + ||fi|| sin9 

< \\\ v 2\\ - \\ v i\\\ + 26*11^2 II - 

Without loss of generality we may assume \\Df p ~ 1 (y)e s (y)\\ > \\Df p ~ 1 (x)e s (x)\\. The angle 
between the two vectors involved in J3 is small. The fact that \B(y)\ < C and the above 
reasoning show 

\\DfP~ 1 (x)e s (x)\ 



(36) h<C\\Df-\y)e s {y)\\ ( 



1 



3\\e s (f p x)-e s (f p y)\\ 



\DfP-i(y)es(y)\\ 

To estimate the first term in the parenthesis of (|36|) we argue as follows. Let J s (z) 
\\Df(z)e s (z)\\. The invariance of the stable foliation P s gives 

( ~ 7 , , „ \\Df p ~ l (x)e s (x)\\ yi, J s (f x) 



\\DfP-i{y)e>{y)\\ ~ 6 J s (/^) ' 



Let e s± (z) denote any unit vector orthogonal to e s (z), 9(z) = Z(Df(z)e s (z),Df(z)e s± (z)), 
and let J s± (z) = \\Df(z)e s± (z)\\. Then e s± and 9 are Lipschitz continuous, 9 m n/2 and J s± > 
2. Hence log J s± and sin# are Lipschitz continuous, with Lipschitz constants independent of 
b. SinceS J s (f l x)J s± (f l x) sin9(f l x) = | det Df(f l x) \ = b, for 1 < i < p we have 

log gm = log gM + log ^ < C | A _ 

J{fy) J s (f l x) sm 9{f l x) 

Lemma 5.11. ^ |f x - f y\ < C\f p x - f*y\ + f b ^ y 

Proof. We introduce a new coordinate [C,,i]) as follows: for a point z — (z%, z 2 ) € M 2 let 
Note that there exist Ci > C 2 > such that 



1 Hcre we use the fact that the Jacobian of the Hcnon map is constant equal to b. Essentially the same 
argument remains to hold for Henon-like maps for which there exists C > independent of b such that 
1 1 flog I dct Df\\\ < C (c.f. [22). Therefore our main theorems hold for Henon-like maps satisfying this 
assumption. 
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^1/ 






h N 



Figure 3. llvA < ||t> 2 ||, 9 < 1 



Parametrize 7„ by arc length s and let j(s) = /(7„(s)). Let x = j n (si), y = J n (s2), and 
assume Si < s 2 without loss of generality. For s E [si,s 2 ] define two numbers A(s), B(s) by 
§ \ t=s = A(s)(l) + B(s)e s (f(). m and \e s (f() - e s (fz)\ < C\( - z\ together imply \A(s)\ « 
|C - 7n(s)| and < CVb. Since |C - J n (s)\ > d(C,7n) we have - C(t(«2))1 = 

|/; a i(aH > | Sl - S2 |Crf(C,7„), and Wt^)) - r)(j(s 2 ))\ = \ J s [ 2 B( 7 (s))ds\ < Cy/b\ Sl -s 2 \. 
Namely, 

(38) Wx)-afy)\>Cd((, ln )\x-y\ and \r ] (fx)-r ] (fy)\<CVb\x-y\. 

For 1 < i < p - 1 we have |£(/ j x) - £(fy)\ < a^^px) - £(f p y)\, and 

(Cb)^ \£(fx) - Z(fy)\ ^ (Cb) 1 ^ \x-y\ 



< 



W l x)-v{ry)\<{Cb)^\r 1 {fx)-r 1 {fy)\< , ^ 

«(C,7n) V6 «(C,7n; 

where the second inequality follows from (|38|) . Summing these two inequalities over all 1 < 
i < p — 1 yields the desired one. □ 



Lemma 15.111 implies that the right- hand- side of (j3"7|) is bounded by a constant C > 
independent of 6. Since there exists p = p{C) > such that < 1 + pip for < if) < C, we 
have 



We are in position to finish the estimate of J3. We have \\Df p ~ 1 (y)e s (y)\\ < Cb, and the 
second term in the parenthesis in fl36l) is < C\f p x — f p y\. Then, combining Lemma \5.11\ (139]) 
and plugging the result into ( 13"6l) yields 



(40) 



/ 3 <C6|/ p x-/^|+L7. 



\x-y\ 



d(C,ln)' 

Estimate 0/Z4. In the same way as in the proof of fl36l) we have 



J4<|A(y)|.|K(C)|| 



+ 2Z( J D^- 1 (x)(i), J D/^ 1 ( 2/ )(i)) 



From the distortion estimate in the proof of [341 Lemma 2.7] and Lemma [5.1 1[ the first term 
in the parenthesis is < C\f p x — f p y\. To estimate the second term in the parenthesis, take 
a point r so that the leaf J rs {fy) intersects the horizontal through fx at jr. By the angle 
estimate in [391 Claim 5.3], 



A{Df p -\y){l) : Df p -\r){D) < (Cbf^lfy - fr\ < (Cb) 



\p-i 



x 



y\<(Cb) p - l \f p x-f p y\. 
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By the C 2 (6)-property and the definition of r, 

£{Df p - l {x){l),Df- l {r){l)) < Vb\Fx - f*r\ < CVb\f?x - f p y\. 
Hence we obtain 

ADf p -\x) (1) , Df*-\y) {l))< CVb\fx - Fy\. 
Additionally ([34]) yields 

\A(y)\<C\(-y\<C(d((, ln )+£( ln )) 
where d(-, •) denotes the minimal distance apart. Finally, from Claim [57121 below we get 
(41) h<Cd((, ln )\\w p (0\\-\f p x-f p y\. 
Claim 5.12. £{ ln ) < Cd((, 7n ). 

Proof. Let M be a large integer such that M N . Consider the leaf of the stable foliation 
J-" s through fC, which is of the form = {(x(y),y): \y\ < \fh\. For k > M define 

U k := : D k < \x - x(y)\ < D k _ M , \y\ < v^j 



where D k := C V fc 1 } Wi ^.. 

L^ i=1 11^+1(011 
0} - 1. By [Ml Lemma 2.5(a) 



for some constant C > 0. Let ko := max{fc > M : U k r\f , ~f n 7^ 
, there exist constants < C\ < C2 < 1/2 such that 



(42) C X D^ M < D ko < C 2 D ko ^ M . 
We prove 

(43) f ln C U ko U U k0+1 . 



(|42|) (143]) imply % n ) < C^D ko _ M < C^/D^ < Cd(j n ,Q, and thus Claim EM holds. 

It is left to prove ( l4"3j) . If the inclusion were false, then one could choose a curve 5 C f"i n ^U k(j 
with endpoints in the two vertical boundaries of U ko . Let x denote the endpoint of f 2 ^ n in 
a n -i- The bounded distortion and the second inequality in [MJ Lemma 2.5(b)] give 

d(a^,f k °- M x) < 2D k0 \\w k ^ M+1 (C)\\ < 2-3-^11^(011 < 3~ M 

and 

£(f k °- M 5) > C(D ko _ M - D k0 )\\w k0 „ M (()\\ > C{1 - C 2 )D k0 _ M \\w k0 - M {Q\\ > C. 

From these two estimates and choosing large M if necessary we have that the interior of f k ~ 10 5 
intersects some <Sj. This yields a contradiction. □ 

Overall estimates. Gluing (I3"5]) ( 14"U|) ( l4T~j) together, 

PHx)e"(a;)-D/ p (y)e"(y)|| < C||^(C) || ■ |x -y| + ^ ~ ^ Crf(C, 7n)ik P (C)il • - /^|. 

From the proof of [34, Proposition 2.6] there exists C > such that \\Df p (z)e u (z) || > 
Crf(C,7n) • ||u>j»(C)ll > 1 for 2; = Hence 

( } bg ||^|^)|| " d(C,7») !/ /yl ' 
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Since Flm f p+1 1n, ■ ■ ■ , f n 1 ln are C 2 (b) and they are uniformly expanded by /, 

\\Df n ~ p \E u (f p x)\\ 

(45) \Fx - f*y\ < \rx - Fy\ and log p^j^^ < C\F* - FvV 
OSD (|45D and Claim EM below yield 

\\DFmx)\\ = \\DFmx)\\ \\Dr->\E»(px)\\ _ 

8 \\DF\E-(y)\\ g \\Dp\E-(y)\\^ 8 \\Df^\E»{fPy)\\ " ' 
which proves (b). 

Claim 5.13. Jgjy < C\f n x - f n y\. 

Proof. By the bounded distortion outside of G, there exists 9 G fj n such that 

(46) \afx) - Z(fy)\ ■ \\DF-\e) (i)\\<c\Fx- Fv\- 

The bounded distortion outside of 9 and the quadratic behavior near ( as in f[3"4"|) imply 

i{i n )d{c,in)\\DF-\e) (5) II > ce(Fin). 

Hence there exists C > such that 

(47) d((, ln ) 2 \\DF-\e)(i) || > C£( ln )d(c, ln )\\DF-\0) (l)\\> ce(Fin) > a 

The first inequality follows from Claim I5.12[ and the last inequality is because /™7„ is a 
C 2 (6)-curve with endpoints in otf. Using the first inequality and (j3"8|) and then (14"6T) (T4T1) yield 

l*-y| < ^ff-^ 1 < ^ r S* r ' <r,r,-,r,. □ 



d(C,7n) " ^(C,7n) 2 - ^CTrOW^WU 



A2. Proof of Lemma D Let k = 5 _ ( 1+ ^. For all zG^we show ||L>/ n |£; w 0)|| > n n 
for every n > 1. Then (a) (b) follow from the results of [22]. 

With the terminology in [341 Sect. 2. 5] we introduce the bound/free structure on the orbit of 
z, using 9^ as a critical neighborhood. If f n z is free, then the orbit z, . . . , f n z is decomposed 
into alternative bound and free segments. Applying the expansion estimates in [3U Lemma 
2.3, Proposition 2.8(e)] alternatively we have \\Df n \E u (z) \\ > n n . If F z is bound, then 
there exists an integer < m < n such that f m z G Oat and m < n < m + p, where p 
is the bound period of f m z. Since f m+ Pz is free and \\Df\\ < 5 we have \\Df n \E u (z) \\ > 
5-{m+p-n)^ D f m+P \ E u^ > 5 - P) and gince z e ^ we haye p < £ m + n < £n + N andso 

\\DF\E u {z)\\ > 5^ n - N > n n . 

Choose a large integer M ^> n such that f M z 2 is free. Take x\ G f n Y( z i), x 2 G 7 s (z 2 ) which 
are connected by a horizontal segment of length b~ . By construction, \\Df M \E u (x2) || > erf 1 . 
By the bounded distortion, the / M -iterate of the segment is C 2 {b) and \f M Xi — f M x 2 \ > 
Cfjflxi - x 2 \ > Cafbf. If q G /Y(2i)nf(2 2 ), then \ f M Xl - f M x 2 \ < \ f M Xl - f M q\ + 
\f M q — f M x 2 \ < 2(Cb)~ . These two estimates are incompatible. Finally, the angle estimate 
in (c) follows from the Lipschitz continuity of the tangent directions of curves in V s . See [U 
Proposition 2.4] for details. This completes the proof. □ 
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A3. Proof of Lemma HOfl Let fi e M e (f). Consider £ e R with lim -log \\Dj?\E u \\ = 

A u (/x) and £ is free. The orbit £, /£, ... is decomposed into alternative bound and free segments. 
Applying the expansion estimates in [3U Lemma 2.3, Proposition 2.8] alternatively we have 
\\Df n \E u (C)\\ > (2 - e) n if f n £ is free. This implies A u (» > log(2 - e). □ 
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